We prove that for any autonomous 4-dimensional integral system of Painlevé type, the Jacobian of the generic spectral curve has a unique polarization, and thus by Torelli's theorem cannot be isomorphic as an unpolarized abelian surface to any other Jacobian. This enables us to identify the spectral curve and any irreducible genus two component of the boundary of an affine patch of the Liouville torus.
Introduction
One of the crucial aspects of the type of integrable system we consider is that even though they are nonlinear, they possess a linear problem, usually called the Lax pair. Once we know the Lax pair, other nice features of the integrable systems such as constants of motion, symmetry, and solutions in terms of theta functions, are at our disposal. Furthermore, one can use qualitative properties of the Lax pair to classify such integrable systems [18] , see also [9, 6, 8, 7, 10] . The question we want to address in this paper is what if we do not know a linear problem of an integrable system in advance. Can we construct a Lax pair for the given nonlinear integrable system? The ways Lax pairs have been constructed for finite-dimensional integrable systems seem to be more haphazard than being systematic. Our goal is to present a systematic way to give a linear problem at least conceptually. The key for doing this is to compare curves appearing from the nonlinear side (Painlevé divisors) to those appearing from the linear side (spectral curves).
There is a way to find the Laurent series solutions for weightedhomogeneous systems [12, 23] . Using these Laurent series solutions, Adler and van Moerbeke [1] considered affine patches of the Liouville tori. They call the corresponding divisor at infinity the "Painlevé divisor". For the 4-dimensional integrable systems we consider, each component of the Painlevé divisor is a curve parameterized by the constant of motions. These are the curves we want to compare with the spectral curves. The goal of this paper is to show that for each of the 40 types of 4-dimensional autonomous Painlevé-type system, any genus two component of the generic Painlevé divisor is (geometrically) isomorphic to the corresponding spectral curve. Given the spectral curve (and in particular its generic degeneration at infinity), it is straightforward to recover both the integrable system and a corresponding linear problem.
Let us review an example from [14] . The autonomous Garnier system of type 9 2 is a Hamiltonian system with the following Hamiltonians [11, 7] 
, where s 1 , s 2 are constants. As explained in [14] , the Hamiltonian system H 9 2 Gar,s 1 has the following three parameter Laurent series solution, The equalities H i (q 1 (t), p 1 (t), q 2 (t), p 2 (t)) = h i , i = 1, 2, are equivalent to the following
By eliminating γ, the equation becomes
If we take x = 3 2 α, y = 9β, the equation becomes
On the other hand, the Hamiltonian system H 9 2 Gar,s i has the following Lax pair [7] .
The spectral curve det (yI 2 − A(x)) = 0. of the Garnier system of type 9 2 is expressed as
Equation (2) expressing the component of the Painlevé divisor is exactly same as the spectral curve of Garnier system of type 9 2 . In particular, the generic degenerations of both of these genus 2 curves are of type VII * in Namikawa-Ueno's notation [16] .
The conclusion we want to prove in this paper is the outcome of this example is not a coincidence. That is, any genus 2 component of the Painlevé divisor is isomorphic to the corresponding spectral curve.
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2.1. Translation of the problem. Our goal in this paper is to prove uniqueness of the isomorphism class of genus 2 curves in the generic Liouville torus for the 4-dimensional Painlevé-type systems. We will prove this by using the fact that the generic Liouville torus is the Jacobian of the corresponding spectral curve.
The Jacobian of a smooth projective curve C of genus g, J(C) := H 0 (ω C ) * /H 1 (C, Z) comes with the canonical principal polarization Θ induced by the symplectic basis for C. The classical Torelli's theorem states:
Lemma 1 (Torelli). Two Jacobians (J(C), Θ) and (J(C ′ ), Θ ′ ) of smooth curves C and C ′ are isomorphic as polarized abelian varieties if and only if C and C ′ are isomorphic.
In general, any genus 2 curve in an abelian surface induces a principal polarization, and thus, it will suffice to show that the Jacobian of the generic curve in each family has a unique principal polarization. We in fact show something stronger: any polarization of the generic Jacobian is a multiple of the standard principal polarization.
A polarization on an abelian variety A is the first Chern class H = c 1 (L) of a positive definite line bundle L (i.e., H = c 1 (L) is a positive definite Hermitian form) on A. Let t a : A → A be a translation by a ∈ A. Then φ L : A →Â, a → t * a L ⊗ L −1 is a homomorphism to the dual torusÂ ≃ Pic 0 (A). Using this homomorphism, the following fact allows us to translate the uniqueness of polarization to the triviality of the symmetric part 1 of the endomorphism ring of A. 
is the Néron-Severi group of A and End s (A), the group of symmetric endomorphisms.
2.2.
The statements of the results. Let us state the key statement we are going to prove in this paper.
Theorem 1. For the 4-dimensional autonomous Painlevé-type equations, the Jacobian of the generic spectral curve has no nontrivial endomorphism.
Using the isomorphism between NS(A) and the group of symmetric endomorphisms, we have Corollary 1. For the 4-dimensional autonomous Painlevé-type equations, the Jacobian of the generic spectral curve has a unique principal polarization.
Applying Torelli's theorem, we obtain the following.
Theorem 2. For the 4-dimensional autonomous Painlevé-type equations, any genus 2 curve in the Jacobian of the generic spectral curve is isomorphic to the spectral curve.
We can then apply this to Painlevé divisors to obtain our desired result.
Corollary 2. For the 4-dimensional autonomous Painlevé-type equations, any genus two component of the generic Painlevé divisor is isomorphic to the corresponding spectral curve. In particular, the generic degeneration 2 of the spectral curve and the generic degeneration of any irreducible component of the Painlevé divisor are the same. Remark 1. For each of the 40 types of autonomous 4-dimensional Painlevé-type equation, the generic degeneration of the spectral curve is known [15] . Therefore, by computing the generic degeneration of a genus 2 component of the Painlevé divisors for one of these equations, we can identify the type. (In particular, the 40 types of equations, originally classified via the Lax pair, are indeed distinct as integrable systems.)
Remark 2. For general curves and their Jacobians, similar results may not always hold. For instance, Howe [4] gave families of pairs of nonisomorphic curves whose Jacobians are isomorphic to one another as unpolarized abelian varieties. Note that Torelli's Theorem still applies, and thus any such example admits multiple polarizations, so has nontrivial endomorphism ring. In this context, it is worth noting that although the approach below using Igusa invariants will be difficult to extend to higher genus cases, the semicontinuity-based approach should work more generally.
2.3. Proof of Theorem 1. We first prove the triviality of the endomorphism rings for the most degenerate cases (H 9 2 Gar , H , H I Mat ), since we know that any other case degenerates to one of these 6 cases [19, 10, 6, 7, 8] . That this suffices follows from Lemma 4 below.
Proof for H 9 2 Gar , H
We use the fact that the Jacobian of a generic hyperelliptic curve has trivial endomorphism ring.
We will show that the family of spectral curves of a system of type H 9 2 Gar , H , H I Mat dominates the moduli space of genus two curves, so that a typical curve in our family has no non-trivial endomorphisms 3 . The moduli space of genus two curves M 2 can be identified with Proj C[J 2 , J 4 , J 6 , J 10 ] \ {J 10 = 0}, where J 2i 's are the Igusa invariants and J 10 is the discriminant. We can take the absolute invariants Gar , H , H I Mat ), we can check, using the Jacobian criterion, that the Igusa invariants of their spectral curves are algebraically independent (see Appendix), so that each space of spectral curves dominates M 2 . Therefore, the Jacobian of the generic spectral curve of these 4 cases has trivial endomorphism ring. KSs . In these cases, the absolute Igusa invariants I 1 , I 2 , I 3 are no longer algebraically independent, so the previous proof cannot be applied. Instead, we will use semicontinuity results to reduce the problem to curves over finite fields, where the endomorphism ring is no longer trivial, but is often easy to compute.
Proof for H
The following well-known result implies that given a family A/S of abelian varieties over a reasonable scheme S, the endomorphism ring of the generic fiber is the same as the endomorphism ring of the family as a whole.
3 This is not the case for H KSs , so we will apply a different proof for these two cases.
Lemma 3. Let S be an integral normal Noetherian scheme, let X be a smooth S-scheme, and let A be an abelian scheme over S. Then any morphism X K(S) → A K(S) extends to a unique morphism X → A. In particular, the natural map End S (A) → End K(S) (A K(S) ) is an isomorphism 4 .
Proof. Any morphism of X K(S) → A K(S) determines a rational map φ : X A. X is normal, since it is smooth over S, and A → S is proper over S by definition. 5 Therefore, by the valuative criterion for properness, φ extends uniquely to the (regular) local ring over any codimension 1 point. It follows by Weil's extension theorem that φ is defined everywhere, so gives a morphism as required.
In particular, an endomorphism of A K(S) extends as a morphism of schemes from A to itself. A morphism of abelian schemes is a homomorphism if and only if it fixes the identity, and this follows for φ since it fixes the generic point of the identity section.
The isomorphism claim follows from the fact that φ ∈ End(A) is trivial on the generic fiber if and only if the image of the generic fiber is the identity, which implies that the image of φ itself is the identity, so that φ is trivial.
Remark 3. This is just Prop.1.2.8 of [2] when S is Dedekind, saying X is a Néron model of its generic fiber X K(S) . The proof is essentially the same, but we should replace "closed point of S" in the Dedekind case by "codimension 1 point of S" when S is not necessarily of dimension 0 or 1. The result is widely known, but we have added a proof since we could not find a reference.
In order to study the endomorphism ring over S, we can use various specializations due to the following well-known injectivity result for endomorphism rings of Abelian schemes. Thus, to show that End K(S) (A K(S) ) is trivial, or equivalently that End S (A S ) is trivial, it suffices to show that End s (A s ) is trivial for some point s ∈ S. In our cases, the family S is defined over a number field (Q, in fact), and we may take s to be a point over that field, so that we reduce to showing that a particular abelian scheme over a number field has trivial endomorphism ring. If we try to specialize any further, we encounter the difficulty that an abelian scheme over a finite field always has complex multiplication, so nontrivial endomorphism ring. However, we can hope to find two specializations such that their endomorphism rings do not have any isomorphic subrings other than Z.
In our case, the natural family has S = A 3 Q (or, more precisely, the complement of the discriminant locus in the affine space). If the endomorphism ring of the family is indeed trivial, then we expect that most fibers over Q will have trivial endomorphism ring, so we simply choose such points until we find one that works. We then need only find a pair of primes p ∈ Spec Z for which we can compute the endomorphism rings and verify the lack of "intersection".
The endomorphism of an abelian variety over a finite field F p can be studied using the Frobenius endomorphism 7 . For the Jacobian A = J(C) of a curve C, the Frobenius endomorphism π Cp of the curve C induces the Frobenius endomorphism π p on A p . Through the correspondence of theétale cohomology groups H 1 et (A p , Z l ) and H 1 et (C p , Z l ), we know that the characteristic polynomial P of π Cp is same as the characteristic polynomial of π p acting on the Tate module T l (A), where l is a prime different from p.
The characteristic polynomial P of π Cp is computable via the zeta function. The zeta function of the curve C defined over F p is given by the formula
7 For a projective variety over F p , the Frobenius morphism is the map on points (x 0 : · · · : x n ) → (x p 0 : · · · : x p n )
According to the Weil conjectures [22] , Z(C, s) is a rational function of t = p −s and we can write
for a certain polynomial L(t) of degree 2g with integer coefficients. For genus g = 2 case, the numerator is
where
In particular, for small p, this can be efficiently computed by enumerating points on any smooth projective model of C. The characteristic polynomial of the Frobenius endomorphism π of the Jacobian J(C) is then essentially given by the numerator of the zeta function, or more precisely
When the characteristic polynomial P (t) has no multiple roots over C, nonzero discriminant, then Theorem 2 of Tate [20] tells us that the rational endomorphism ring End Fp (J(C)) ⊗ Q is generated by Frobenius, i.e. End Fp (A) ⊗ Q ∼ = Q[t]/P (t). (More generally, if the l-th powers of the roots are distinct, then End F p l (A) ⊗Q is generated by the l-th power of Frobenius, so there are no additional endomorphisms defined over F p l .)
Let us consider the case H KFS is y 2 =x 6 − 2x 5 + (2h 1 + 1)
Consider an instance h 1 = 12, h 2 = 17, s = 29 and reduce this curve modulo p = 37.
We can compute using Magma [3] that #C 1 (F p ) = 36, #C 1 (F p 2 ) = 1442, The zeta function of this hyperelliptic curve is
The characteristic polynomial of Frobenius is
The quartic is square-free and is irreducible over Q. Therefore,
where α is one of the roots of P 1 (t). Since P 1 (t) is irreducible and the Galois group of P 1 (t) contains a transposition (13) ∈ S 4 , but does not contain the whole group S 4 , the Galois group is dihedral group D 4 = σ = (1234), τ = (13) . Each order 2 subgroup of D 4 is contained in a unique subgroup of order 4. Therefore, Galois theory tells us that Q(α) contains unique subfield of degree 2 over Q, namely Q α + p α ≃ Q( √ 37). Consider the same curve over Q but now reduce modulo a different prime p = 53 to obtain C 2 : y 2 = x 6 + 51x 5 + 25x 4 + 10x 3 + 4x 2 + 37x + 14.
We can again compute using Magma that #C 2 (F p ) = 57, #C 2 (F p 2 ) = 3001. The zeta function of this hyperelliptic curve is
We again find that E 2 := End Fp (J(C 2 )) ⊗ Q ≃ Q(β) ≃ Q[t]/P 2 (t) is a degree 2g = 4 extension of Q, where β is one of the roots of P 2 (t). Q(β) again contains a unique subfield of degree 2 over Q, namely
. From the semi-continuity of the reduction map, if End(A) ⊗ Q were strictly larger than Q, it would inject in both reductions, and thus the fields E 1 and E 2 would have a common subfield other than Q.
Since the fields are not isomorphic, that common subfield would have to be quadratic, and we have already determined that their respective unique quadratic subfields are not isomorphic, which is what we needed to prove.
Remark 4. This only proves that the endomorphism ring over k(S) is trivial, but in fact the same argument easily shows that the endomorphism ring remains trivial over k(S), and thus in particular, any geometric genus 2 component of the Painlevé divisor is isomorphic to the spectral curve. The only thing that needs to be checked is that no two roots of the respective characteristic polynomials of Frobenius have ratio a root of unity, since then that implies that the geometric endomorphism ring is contained in the relevant field.
Remark 5. The approach we have used here is similar to the argument of section "The structure of End(A)" in Appendix A of [17] .
For the H KSs , a similar argument with h 1 = 12, h 2 = 17, s = 29 and p = 37 and p = 31 proves the result we wanted. Remark 6. These proofs using reduction modulo p are also applicable for the other cases we have proved using the algebraic independence of the Igusa invariants. This approach is far more likely to work in higher genus, both because the analogues of Igusa invariants are much more complicated (when known!), and because the dimension of the moduli space of Jacobians grows much faster with the genus than one expects the dimensions of families of spectral curves to grow.
Proof for all the other cases. All the other 34 cases degenerate to one of the 6 cases. Let us recall what it means for an equation P A to degenerate to an equation P B . Let R be a dvr with maximal ideal m and residue field k = R/m, and consider a curve C/ Spec R[h 1 , h 2 , 1 ∆ ]. Let I be the ideal defined by
Then, I is a prime ideal of codimension 1 and the localization R I is a dvr. If P A is the base change of C to the field of fractions of R and P B is the base change to k, then we say that P A degenerates to P B . In such a case, the generic spectral curve of P B is the curve over R I /m I ≃ k(h 1 , h 2 ), which is the special fiber of the curve over R I , the generic fiber of which is the generic spectral curve of P A . Then Lemma 3 and Lemma 4 guarantee that the endomorphism ring for P A injects in the endomorphism ring for P B . Thus, if the endomorphism ring for P B is trivial, so is End(P A ). Since the endomorphism rings for the 6 most degenerate cases are trivial, so are the generic instances of the other 34 cases.
This ends a proof for all 40 cases.
Appendix A. Spectral curves
A.1. The Garnier system of type 9 2 . The Riemann scheme for this system, expressing the singular point, its ramification index and diagonal elements of the Hukuhara-Turrittin-Levelt canonical form [5, 21, 13] as in [7] is given by   
The spectral curve det (yI 2 − A(x)) = 0 of the autonomous Garnier system of type 9 2 is expressed as
where h 1 and h 2 are the Hamiltonians and s 1 , s 2 are constants. The Igusa invariants are
where ∆ is the discriminant of the quintic. The absolute invariants are as follows.
Since the matrix
has rank 3, from the Jacobian criterion, I 1 , I 2 , I 3 are algebraically independent.
Remark 7. The generic fiber of the corresponding family of quintics has Galois group S 5 , which also implies triviality of the endomorphism ring, by a result of Zarhin [24] .
A.2. The Garnier system of type 5 2 + 3 2 . The Riemann scheme for this system is [7]    
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The spectral curve is
We again verify that the Jacobian matrix
has rank 3, so the Igusa invariants I 1 , I 2 , I 3 are algebraically independent. (This can also be seen by inspection: any genus 2 curve can be put into the above form by choosing a pair of Weierstrass points.)
A.3. The first . The Riemann scheme is given by 
, and the Fuchs-Hukuhara relation is written as θ ∞ 2 + θ ∞ 3 = 0. y 4 + 2xy 3 − −2x 3 + (h 1 + (θ ∞ 2 ) 2 )x 2 + 2sx y(x + y) + x 2 y 2 + x 6 + h 1 x 5 + h 2 x 4 h 1 sx 3 + (θ ∞ 2 ) 2 sx 3 + s 2 x 2 = 0.
We omit writing the explicit Weierstrass form of the equation, but Maple allows us to compute it, and thus the Igusa invariants, so that we can again show that the absolute invariants are algebraically independent.
